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Abstract 

In our companion papers, we managed to derive a connection formulation of Lorentzian Gen- 
eral Relativity in D + 1 dimensions with compact gauge group S0(D-|-1) such that the connection 
is Poisson commuting, which implies that Loop Quantum Gravity quantisation methods apply. 
We also provided the coupling to standard matter. 

In this paper, we extend our methods to derive a connection formulation of a large class of 
Lorentzian signature Supergravity theories, in particular lid SUGRA and M, N = 8 SUGRA, 
which was in fact the motivation to consider higher dimensions. Starting from a Hamiltonian 
formulation in the time gauge which yields a Spin(£)) theory, a major challenge is to extend the 
internal gauge group to Spin(_D + 1) in presence of the Rarita-Schwinger field. This is non trivial 
because SUSY typically requires the Rarita-Schwinger field to be a Majorana fermion for the 
Lorentzian Clifford algebra and Majorana representations of the Clifford algebra are not available 
in the same spacetime dimension for both Lorentzian and Euclidean signature. 

We resolve the arising tension and provide a background independent representation of the 
non trivial Dirac antibracket *-algebra for the Majorana field which significantly differs from the 
analogous construction for Dirac fields already available in the literature. 
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Notation 



D 


spatial dimension 


(0.1 


= D + 1 


spacetime dimension 


(0.2 


s,C 


spacetime, internal signature 


(0.3 




= diag(C, 1, 1, ...) 


(0.4 


I, J,... 


SO{D, 1) or SO{D + 1) indices (short: 80(77)) 


(0.5 




SO (I?) indices 


(0.6 


Q,/3,... 


spinor indices 


(0.7 


12, V, ... 


spacetime indices 


(0.8 


a, b, ... 


spatial indices 


/'no 

(^u.y 


{7^7"} 


= 2r?^-^ 


(0.10 




= rj^^Y (110 summation here) 


(0.11 


^IJ...K 


:= (with total weight one) 


(0.12 


7^ 


:= n^7'^ 


(0.13 




2 ' 


(0.14 


Va(^) X 


■■= daX + \AaIJ^'\ 


(0.15 






(0.16 


X 


:= XV 


(0.17 


X 


= X^C Majorana Condition 


(0.18 



Note that the choice (10. lip is always possible [T]. Furthermore, note that in a Majorana repre- 
sentation the spinors will be real and then, from the Majorana condition ()aT8D follows 7° = C. 
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1 Introduction 



During the years after the discovery ofD + 1 = 3 + 1 Supergravity by Freedman, Ferrara, 
and van Nieuwenhuizen in 1976 [2], there has been a lot of activity in the newly formed field 
of Supergravity, driven by the hope to construct a theory of quantum gravity without the 
shortcoming of perturbative non-renormalisability. Werner Nahm classified in 1977 all possible 
Supergravities, arriving at the result that, under certain assumptions, d = 11 was the maximal 
number of Minkowski signature spacetime dimensions in which Supergravities could exist [3]. 
In the following year, d = 11 Supergravity was constructed by Cremmer, Julia and Scherk [3] in 
order to obtain d = 4, N = 8 maximal Supergravity by dimensional reduction. Various forms of 
Supergravity were derived in dimensions d < 11 and relations among them were discovered in 
the subsequent years [5]. 

While the initial hope linked with perturbative Supergravity was vanishing due to results 
suggesting its non-renormalisability [6] and the community turned to Superstring theory, a new 
candidate theory for quantum gravity. Loop Quantum Gravity (LQG), started to emerge after 
Ashtekar discovered his new variables in 1986 [7]. During the next 10 years, the initially complex 
variables were cast into a real form by Barbero [8], rigorous techniques for the construction of 
a Hilbert space were developed [9l [lOl [TTl [121 [131 E] and a representation of the constraint 
operators on the Hilbert space was defined [15]. The strengths of the theory are, among others, 
its entirely non-perturbative and background-independent formulation as well as the suggested 
appearance of a quantum geometry at the Planck scale. It is therefore in a sense dual to the 
perturbative descriptions coming from conventional quantum (Super)gravities and Superstring- 
/ M-theory and it would be very interesting to compare and merge the results coming from these 
two different approaches to quantum gravity. The main conceptual obstacle in comparing these 
two methods of quantisation has been the spacetime they are formulated in. While the Ashtekar- 
Barbero variables are only defined in 3+1 dimensions, where also an extension to supersymmetry 
exists, Superstring- / M-theory favours 9+1 / 10+1 dimensions and is regarded as a quantisation 
of the respective Supergravities. It is therefore interesting to study quantum Supergravity as 
a means of probing the low-energy limit of Superstring- / M-theory with different quantisation 
techniques, both perturbative and non-perturbative. A somewhat different approach has been 
taken in [16], where the closed bosonic string has been quantised using rigorous background- 
independent techniques, resulting in a new solution of the representation problem which differs 
from standard String theory. Also, the Hamiltonian formulation of the algebraic first order 
bosonic string and its relation to self-dual gravity have been recently investigated in [171 [18] . 

Apart from contact with Superstring- / M-theory, new results from perturbative d = 4, 
N = 8 Supergravity [19[ [20l [21] suggest that the theory might be renormalisable, contrary to 
prior believes. It is therefore interesting in its own right to study the loop quantised d = 4, 
N = 8 theory and compare the results with the perturbative expansion. 

The main obstacle in the connection formulation of General Relativity with or without SUSY 
is represented by the gravitational variables. Starting from the plain Einstein-Hilbert-term in a 
(Super)gravity action, one obtains the ADM variables qab and P"''^ [22] . In order to incorporate 
fermions, it is mandatory to use tetrads and their higher dimensional analogues (vielbeins) to 
construct a representation of the curved spacetime Dirac (Clifford) algebra. At this point, it 
is convenient to use the time gauge [23] to obtain a densitised D-bein E'^ and its canonically 
conjugate momentum K^^ as canonical variables. Since the time gauge fixes the boost part of the 
internal gauge group S0(1,L'), we are left with a SO{D) gauge theory. The problem however 
is that the Gaufi constraint generating the internal rotations transforms Ef and if* as internal 
vectors, and thus not as a connection and a vector. It was shown in [24[ [25] that starting from 
this formulation, one can construct a canonical transformation which leads to a formulation in 
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terms of a SO{D + 1) connection Aaij and its canonically conjugate momentum vr"^'', where it 
was necessary to enlarge the dimension of the internal space by one space-like dimension. 

The purpose of this paper is to generalise this transformation to Supergravity theories. The 
problem arising in these generalisations are not so much linked to the appearance of additional 
tensor fields and spin 1/2 fermions, but to the Rarita-Schwinger field which obeys a Majorana 
condition. It is well known |26j that in order to have simple and metric independent Poisson 
brackets for the Rarita-Schwinger field one should use half-densitised internally projected 
fields (j)f := ^'qefV'a- This field redefinition has to be changed in order to work in the new 
internal space, more specifically we have to ensure that the number of degrees of freedom still 
matches by imposing suitable constraints. Also, the Majorana conditions are sensitive to the 
dimensionality and signature of spacetime. We thus have to ensure that no inconsistencies arise 
when using SO{D + 1) instead of S0(1, D) as the internal gauge group. Concretely, this will be 
achieved in dimensions where Majorana representation for the 7-matrices exists, which covers 
many interesting Supergravity theories {d = 4, 8, 9, 10, 11). 

The presence of additional tensors, vectors, scalars and spin 1/2 fermions in various SUGRA 
theories does not pose any problems for this classical canonical transformation. However, we 
must provide background independent representations for these fields in the quantum theory 
which, to the best of our knowledge, has not been done yet for all of them. As an example, 
in our companion paper |27j we consider the quantisation of Abelian p-form fields such as the 
3-index photon present in lid SUGRA with Chern-Simons term. Scalars, fermions and connec- 
tions of compact, possibly non- Abelian, gauge groups have already been treated in [28]. 

The article is organised as follows: 

Section 2 is subdivided into two parts. In the first we review prior work on canonical Su- 
pergravity theories in various dimensions and identify their common structural elements. We 
also mention the basic difficulties in our goal to match these canonical formulations to the re- 
formulations \24:\ [29] of the graviton sector. In the second we display canonical Supergravity 
explicitly in the time gauge paying special attention to the Rarita-Schwinger sector. 

Section 3 is also subdivided into two parts. In the first we display the symplectic structure 
of the Rarita-Schwinger field in the time gauge in convenient variables which will be crucial for a 
later quantisation of the theory. In the second, following the strategy in |241 125] we will perform 
an extension of the phase space subject to additional second class constraints ensuring that we 
are dealing with the same theory while the internal gauge group can be extended from SO{D) 
to SO(L» + 1). 

In section 4 we construct a representation of the Dirac anti bracket geared to Majorana 
spinor fields rather than Dirac spinor fields. 

In section 5 we show that our formalism easily extends without additional complications to 
chiral Supergravities (Majorana- Weyl spinors) and to spin 1/2 Majorana fields which are present 
in some Supergravity theories. 

In section 6 we summarise and conclude. 

Finally, in the appendix, we supply the details of the formulation of higher dimensional con- 
nection General Relativity with linear simplicity constraints in terms of a normal field A^-'^ which 
is convenient in order to resolve the afore mentioned tension between S0(1,-D) and SO(L' -|- 1) 
Majorana spinors and we provide a Hilbert space representation of the normal field sector. 
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2 Review of Canonical Supergravity 



In the first part of tliis section we summarise the status of canonical Supergravity and its 
quantisation. In the second we display the details of the theory to the extent we need it which 
will settle the notation. 

2.1 Status of Canonical Supergravity 

Hamiltonian formulations of Supergravity are a tedious business due to the complexity of the 
Lagrangians and the appearance of constraints. Nevertheless, the canonical structure emerging 
is very similar for the explicitly known Hamiltonian formulations. To the best of our knowledge, 
theD + l split for Z) > 3 has been exphcitly performed for£> + l = 3 + l. A^ = l[26l[30ll3T|l32]. 
D + l = 9 + l, N=l [33], and L> + 1 = 10 + 1, iV = 1 [M]. The algebra of constraints of 
D + 1 = 3 + 1 Supergravity was first computed by Henneaux |35j up to terms quadratic in the 
constraints [36]. The same method was applied by Diaz |37j to D + 1 = 10 + 1 Supergravity, also 
neglecting terms quadratic in the constraints. Sawaguchi performed an explicit calculation of 
the constraint algebra ofD + l = 3 + l Supergravity in [38] where a term quadratic in the Gaui^ 
constraint appears in the Poisson bracket of two supersymmetry constraints. The constraint 
algebra for D + l = 9 + l, N = l Supergravity coupled to supersymmetric Yang-Mills theory 
was calculated by de Azeredo Campos and Fisch in |39j . 

Shortly after the introduction of the complex Ashtekar variables, Jacobson generalised the 
construction to d = 4, = 1 Supergravity [IQ]. In the following, different authors including 
Fiilop |41j . Gorobey and Lukyanenko [l2], as well as Matschull [43], explored the subject further. 
Armand-Ugon, Gambini, Obregon and Pullin [44] formulated the theory in terms of a GSU(2) 
connection and thus unified bosonic and fermionic variables in a single connection. Building on 
these works. Ling and Smolin published a series of papers on the subject [45 ^ [46l I47j . where, 
among other topics, supersymmetric spin networks coming from the GSU(2) connection were 
studied in detail. In the above works, complex Ashtekar variables are employed for which the 
methods developed in [9l [lOl [TTl [121 [El 11] are not available. Also, the Ashtekar variables are 
restricted to four spacetime dimensions and thus not applicable to higher dimensional Super- 
gravities. Aiming at a unification of String theory and LQG, Smolin explored non-perturbative 
formulations of certain parts of eleven dimensional Supergravity \48\ I49j . The generalisation 
of the Loop Quantum Gravity methods to antisymmetric tensors was considered by Arias, di 
Bartolo, Fustero, Gambini, and Trias [50]. The full canonical analysis of d = 4, = 1 Su- 
pergravity using real Ashtekar-Barbero variables was first performed by Sawaguchi [38]. Kaul 
and Sengupta [51] considered a Lagrangian derivation of this formulation using the Nieh-Yan 
topological density. 

An attempt to construct Ashtekar- type variables for d = 11 Supergravity has already been 
made by Melosch and Nicolai using an S0(l,2) x S0(16) invariant reformulation of the original 
CJS theory [52]. In this formulation the connection is not Poisson commuting thus forbidding 
LQG techniques. In a paper on canonical Supergravity in 2 + 1 dimensions [53], Matschull and 
Nicolai discovered a similar noncommutativity property which they avoided by adding a purely 
imaginary fermionic bilinear to the connection, leading to a complexified gauge group. As was 
observed in [28], this problem can be avoided by using half-densitised fermions as canonical 
variables. 

The general picture emerging is that the canonical decomposition S = J dt {pq — H) in the 
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time gauge leads to 







Ja J 





EfKl + iy/q4>al°"^^''i'b + tensors + vectors + spin 1/2 + scalars 

-NH - N^Tia - XijG'^ - iJtS - tensor constraints^ , (2.1) 

where the Hamiltonian constraint Ti, the spatial diffeomorphism constraint Ha, the Spin(D) 
GauB constraint G^^ , the supersymmetry constraint S and the tensor constraints form a first class 
algebra. Ef is the densitised vielbein and its canonical momentum, tpa denotes the Rarita- 
Schwinger field with suppressed spinor indices. A^, N"", Xij and ijjt are Lagrange multipliers 
for the respective constraints. With tensor constraints we mean constraints acting only on 
additional tensor fields such as the three-index photon of -D + 1 = 10 + 1 Supergravity. The 
remaining terms in the first line are kinetic terms appearing in the decomposition of the action. 
Since we will not deal with them in this paper, we refer to |331 [34] for details. 

In order to apply the techniques developed for Loop Quantum Gravity to this system, we 
have to turn it into a connection formulation in the spirit of the Ashtekar variables. Concerning 
the purely gravitational part, this has been achieved in [241 129j and extended to the case of spin 
1/2 fermions in [25]. The Rarita-Schwinger field turns out to be more difficult to deal with than 
the spin 1/2 fermions. On the one hand, it leads to second class constraints [31], which encode 
the reality conditions, with a structure which is different from the case of Dirac spinor^. On 
the other hand, as the other fermions, it has to be treated as a half-density in order to commute 
with i^l[26]. 

Apart from the conventional canonical analysis, where time and space are treated differently, 
there exists a covariant canonical formalism treating space and time on an equal footing [54] . 
It has been applied to vielbein gravity [55], d = 4, = 1 Supergravity [56], d = 5 Supergravity 
and higher dimensional pure gravity [571 EH] a-^d d = 10, = 1 Supergravity coupled to 
supersymmetric Yang-Mills theory [591 160] • The relation of the covariant canonical formalism 
and the conventional canonical analysis is discussed in [6l] using the example of four dimensional 
Supergravity coupled to supersymmetric Yang-Mills theory. 



2.2 Canonical Supergravity in the Time Gauge 

We will illustrate the 3 + 1 split of = 1 Supergravity in first order formulation as performed by 
Sawaguchi [38] in order to give the reader a feeling for what is happening during the canonical 
decomposition. The resulting picture generalises to all dimensions. The symplectic potential 
derived in this context is exemplary for the Supergravity theories of our interest and we will 
continue with the general treatment in the next section. We remark that in 3 + 1 spacetime 
dimensions, the relations C'^ = —C and C'y^C~^ = —{'y^)'^ hold, where C denotes the charge 
conjugation matrix. 

The action for 3 + 1, A^ = 1 first order Supergravity is given by 

S = j^d^X (^iee^'^e-'-^F^,ij{A) + is eij^j'^^'^V p{A)i;^^ . (2.2) 

Using the conventions introduced above and 7^'"^ = one can explicitly check that 

the action is real. The 3 + 1 decomposition is done like in the previous papers, and the notation 

^While for Dirac spinors, the second class constraints are of the form tt^ qc ip, -k^ (x tp, in the Majorana case 
we obtain an equation of the form tt^ oc tp, where ttx denotes the momenta conjugate to x. 
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used can be found there (if not above). We obtain 



S 



M 



dt / d^x 



1 



,-Lab \■^^IJ^ 



-Lab„ 



(2.3) 



From there, one can read off the constraints T-L, Ha, G^'^ and 5. We will choose time gauge 
= (5q at this point to simplify the further discussion. For the symplectic potential, we find 

1 



dt / d'x ( -'k'^'J CrAalJ - i^ll^al^'^'CTi'b 



Xab , 



dt I d^x 
dt I d^x 



dt / d^x 

J a 

dt / d^x 



dt / d*x 



E^'K. 



E''\Kai + 7:,Ei<Pj)-7,^ 



b9k 



where we successively defined 



-Ef 



IT 



y and K', ■.= Ka^-r^:^Ei 



(2.4) 



(2.5) 



In the second line, we chose time gauge and half-densities as fermionic variables [28]. Then, 
we transformed the spatial index of the fermions into an internal one using the vielbein, but 
preserving the fermionic density weight [26] . This second transformation also affects the extrinsic 
curvature and we have to define a new variable K'^^. The Gaui5 constraint becomes under these 
changes of variables 



vr 



(2.6) 



The generator of spatial diffeomorphisms T-La is given by the following linear combination of 
constraints 

Ua ■■= + ^AaijG'^ + i ^PaS. (2.7) 
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It becomes 

-l^n^E'^da {^<i^Ebj)+db {7r.iE''<P^Eaj) 

= E''^daK',^-dk[E'^Kj)+^da{'K,)cl>'-^7rM\ (2.8) 

For the last step, note that ^^(pi = 0. Thus, these constraints exactly change as one would 
expect under the performed change of variables. The other constraints also can be rewritten in 
terms of the new variables, but this is less instructive and their explicit form is not important 
for what follows. We only want to remark that they depend on the contorsion K^ij, which is 
not dynamical and has to be solved for in terms of (pi. This can be done explicitly. 



3 Phase Space Extension 

In this section we focus on the symplectic structure of the Rarita-Schwinger sector. In the time 
gauge this is a SO{D) theory which is the subject of the first part. In the second part we will 
perform a phase space extension to a SO{D + 1) theory where special attention must be paid to 
the reality conditions. 



3.1 Symplectic Structure in the SO{D) Theory 

The 3 + 1 split described above generalises directly to higher dimensions. We will always impose 
the time gauge = (5q prior to the D + 1 split and restrict to dimensions where a Majo- 
rana representation of the 7-matrices exists, which we will use. This allows us to set C = 
which simplifies the following analysis. The generic terms important for this paper appearing in 
Supergravity theories are 

Sgrav.+RS = d^'+'X {^^ee^^^ e''' F^^i j{A) + is ei^^^i^P'^V p{A)^p„) (3.1) 

in case of a first order formulation and analogous terms for a second order formulation. This 
difference in defining the theory will not be important in what follows, since as demonstrated 
above for the 3 + 1 dimensional case, the symplectic potential of these actions in the time gauge 
turns out to be 

= jjt j^d''x{E'^'K,-'n^4>i). (3.2) 

where we used the same definitions as in ()2.5p . From ()3.2p we can read off the non- vanishing 
Poisson bracket^ 

{E'^\K\,]=5t6] and [<pf ,7:^] = -dl^. (3.3) 

^More precisely we should call them Poisson anti- brackets which are symmetric under exchange of the ar- 
guments and which are to be quantised by anti commutators. We will call them Poisson brackets anyway for 
notational simplicity in what follows with the usual rules for the interplay between the Poisson brackets for integral 
and half-integral spin respectively. See e.g. [621 163j for an account. 
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Additionally, we have the following second class constraints and reality conditions 

■= vr* + i4>JCj^-f^' = and 4 = -4>fC-f". (3.4) 

In order to be able to introduce a connection variable along the lines of [24j . we need to enlarge 
the internal space, i.e. replacing the gauge group SO{D) by either S0(1,D) or SO{D + 1). In 
view of subsequent quantisation, SO{D + 1) is favoured because of its compactness and will 
be our choice in the following. This enlargement can be done consistently if also additional 
spinorial degrees of freedom are added as well as additional constraints which remove the newly 
introduced fermions. Finally, the extension has to be consistent with the reality conditions. All 
this turns out to be rather hard to achieve, and the final version of the theory looks rather 
different from what a "first guess" might have been. To motivate it, we will review the whole 
process of finding the theory, showing where the straight-forward ideas lead to dead ends, and 
how they can be modified to arrive at a consistent theory. We will only discuss the fermionic 
variables, the gravitational part is treated in the appendix. 

Before we enlarge the internal space, we will get rid of the second class constraints. To this 
end, we calculate the Dirac matrix 

C^^ = {Q\ n^} = -2iC^^Y^ , = -l'^^^-^^ ((2 - D) r?., + 7^,) C-\ (3.5) 

and thus find for the Dirac bracket 

W^^'PJ}DB = - {'Pi,^"} = -{C^'h- (3.6) 

To simplify the subsequent discussion, in the following we will consider real representations of 
the Dirac matrices only, which implies (7 = 7*^. Then the above equations read 

C^^ =2i7*^- , {C-^),^ = -^^^-j-^{{2-D)r,,,+j,,) , {0„ 0,}^^ = -(C^i),, . (3.7) 

Now we can either (a) try to enlarge the internal space and afterwards choose new vari- 
ables which have simpler brackets, or (b) we simplify the Dirac bracket before enlarging the 
internal space, (a) immediately leads to problems. The symmetry of the Poisson brackets 

^(pj, (/>j| oc {C~^)"j implies that matrix is symmetric under the exchange of (/, a) ^ (J, /3). 
The naive extension (C~^)/j = — 2(d~i) ((^ ~ "HiJ + 7/j) however does not have this sym- 
metry. Its symmetric part + {C"^)'^ is not invertible. Of course, one can extend in 
different, more "unnatural" ways, e.g. containing terms like 7j7/ etc. and "cure" this problem 
for a moment, but also the Gaufi constraint will be problematic. The SO(L') constraint contains 
C*-' (since we used vr* = — |(/>JC''*) and this matrix should also be replaced by some C^"^ , such 
that transforms covariantly and G^'^ reduces correctly to G^^ if we choose time gauge and 
solve its boost part. This implies restrictions on C and further restrictions on C~^. We did not 
succeed in finding matrices which fulfil all these requirements. In the following, we therefore 
will follow the second route (b) and simplify the Dirac brackets before doing the enlargement of 
the internal space. 

There are several possible ways how to simplify the Dirac brackets: 

1. Note that the matrix C^^ on the right hand side of the Dirac brackets is imaginary and 
symmetric, hence there always exists a real, orthogonal matrix O^j such that under the 
change of variables — t- := 0^j(j>' the brackets becomes i times a real diagonal matrix. 
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However, now the new fundamental degrees of freedom 0'* in general do not transform 
nicely under SO{D) gauge transformations, only {0~^yj(f)'^ do. More severely, it is unclear 
how the extension 0*j — t- j should be done. 

2. To assure that the fundamental degrees of freedom still transform nicely under SO(-D) 
transformations, we can use the Ansatz := M^^(j)j with M^^ := (a6^^1 + f3Y^^^). Matrices 
of this form are in general invertible (cf. point 3. below for two exceptions) and, since 
they are constructed from intertwining matrices, 4>'^ will transform nicely under gauge 
transformations. Moreover, now there is a chance to generalise the matrix to one dimension 
higher. For the Dirac brackets to become diagonal, a and /3 have to be determined by 
solving MC~^M^ = il. The problem is that there is no solution for both parameters being 
real, at least one is necessarily complex. More general Ansatze for M*-' (e.g. involving 
7five in even dimensions) share the same problem. Thus we exchanged the problem of 
complicated brackets with complicated reality conditions, which again are hard to quantise. 

3. The third route, which will lead to the consistent theory, in the end implies the introduc- 
tion of additional fermionic degrees of freedom already before enlargement of the internal 
space. Given the difficulties just mentioned, the optimal approach in the desire to simplify 
the Poisson brackets is to find orthogonal projections onto subspaces of the real GraBmann 
vector space which are built from 6ijl and Sjj such that the symplectic structure becomes 
block diagonal on those subspaces. One can then define simple Poisson brackets and add 
the projection constraints as secondary constraints which leads to corresponding Dirac 
brackets which will be proportional to those projectors. As we will see, the fact that these 
are projectors makes it possible to find a Hilbert space representation of the corresponding 
Dirac bracket. 



We define in any dimension D 

P% ■■= v'^Sa,-^{fi^U = ^v'^s^,-^j:%, (3.8) 

■■= ^if^'U = ^rj^'S^, + ^^%- (3.9) 

Those matrices are both real (we are using Majorana representations) and built from 
intertwiners, but they are not invertible. It is easy to check that 

P;^X^" = 0, P>5 = PL1, Q;^X^" = QL1, and P + Q = lr?, (3.10) 

i.e. the above equations define projectors. By construction, P projects on "trace-free" 
components w.r.t. 7i, i.e. P^^T^ = = 7f P^^^- Using these projectors, we can decompose 
the Rarita-Schwinger field as follows 

(f>i = Pij^ + qij(tP =: p^ + ^jia, (3.11) 

with Pi := Fijcj)^ and a := 7VJ1- Using the reality conditions (j3.4p for cpi, we find 

Pi = pJC and a = a'^C. (3.12) 

Moreover, using 

yi = _P^i + (£)_l)Q»j\ (3.13) 

■^When considering the free Rarita-Schwinger action, this decomposition also appears to isolate the physical 
degrees of freedom, cf e.g. [20] • The "trace part" a is unphysical for the free field. 
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the symplectic potential becomes 



-icl)\ f-P^fcP'=* + {D- 1)Q\.Q'=' 



= -zpf C7V + 

= ipf - i:^cT^a, (3.14) 

where in the second to last line we used the reality conditions p.l2p and in the last line 
we restricted to a real representation, C = 7°. 

This motivates the definition of the brackets 

{Pj^p'] = and {a, a] = i^^JL_t, (3.15) 

together with the reality conditions p* = pi, a* = a (cf. (j3.12p ) and additionally introduced 
constraints to account for the superfluous fermionic degrees of freedom, 

Aa:=7>f «0. (3.16) 

We need to check that the extension is valid, i.e. that the Poisson brackets of the (pi, considered 
as functions on the extended phase space, are equal to the Dirac brackets (|3.6p of the system 
before we did the extension. Using (pi = Pijp' + jjJiO' (cf. 13. lip and the Poisson brackets ()3.15p . 
this can be checked explicitly (this calculation shows why the factors of ^ in (j3.15p are needed). 
Using this, we can express the constraints T-L and S in terms of the new variables in the obvious 
way and know that their algebra is unchanged. In particular, since the projectors are built from 
intertwiners, we find for the fermionic part of the GauB constraint 



G'^ = ... + lip' 



which allows for an easy generalisation to SO(D + 1) or S0(1, D) as a gauge group. Furthermore, 
since p* in the other constraints only appears in the combination PijP^, they automatically 
Poisson commute with Aq,. 

Note that if we now would calculate the Dirac bracket, we would get {pi,Pj}DB = 
which again is non-trivial. Instead, we directly enlarge the phase space from {p'',a} to {p^,a}, 
with, as a first guess, the brackets {pi,pj} = —^rjijl, {c, a} = ^ 2(_d^i) reality conditions 
p*j = Pi, a* = a and the constraints 

N^pi w and 7V/ ~ 0. (3.18) 

Unfortunately, this immediately leads to an inconsistency in the case of the compact gauge group 
SO{D + 1), since for our choice of Dirac matrices, 7'^ necessarily is complex in the Euclidean 
case. Therefore, the reality conditions again are not SO{D + 1) covariant and the constraints 
(|3.18p only are consistent in the time gauge = 6^ With a more elaborate choice of reality 
condition it is possible to define a consistent theory, which will be the subject of the next section. 



'^^^ pi ~ is a complex constraint and thus equal to two real constraints. Only in time gauge, its imaginary 
part is already solved by demanding pi ~ 0. 
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3.2 SO{D + 1) Gauge Supergravity Theory 

As we just have seen, the remaining obstacle on our road of extending the internal gauge group 
from SO{D) to SO{D + 1) is that the real vector space V of real S0(1, D) Majorana spinors is 
not preserved under SO{D + 1) whose spinor representations are necessarily on complex vector 
spaces. Let Vq be the complexification of V. Now SO{D + 1) acts on Vc but the theory we 
started from is not Vc but rather the SO{D + 1) orbit of V. This is the real vector subspace 

V^ = {eeVc; 3peV, geSO{D + l) 3 e = g-p}, (3.19) 

where g- denotes the respective representation of SO{D + 1). This defines a reality structure 
on Vc that is Vc = Vr (B iVr. The mathematical problem left is therefore to add the reality 
condition that we are dealing with Vr rather than Vc . 

In order to implement this, recall that any g € SO{D + 1) can be written as g = BR where 
B is a "Euclidean boost" in the Oj planes and R a rotation that preserves the internal vector 
Uq := Sq. The spinor representation of R just needs which is real valued. It follows that 
(j3.19p can be replaced by 

Vp^ = {eeVc; 3 p€V, B €SO{D + 1) 3 9 = B ■ p}. (3.20) 

The problem boils down to extracting from a given 6 gVr the boost B and the element p £ V, 
that is, we need a kind of polar decomposition. If Vq would be just a vector subspace of some C"^ 
we could do this by standard methods. But this involves squaring of and dividing by complex 
numbers and these operations are ill defined for our Vc since GraBmann numbers are nilpotent. 
Thus, we need to achieve this by different methods. 

The natural solution lies in the observation that if we use the linear simplicity constraint then 
the D boost parameters can be extracted from the D rotation angles in the normal = BjjUq 
to which we have access because is part of the extended phase space. To be explicit, let e^^^ 
be the standard base of R^"*"^, that is, e\^^ = 6f. We construct another orthonormal basis 6^^-' 
of R^+i as follows: 
Let := N and 

b'^Q^ = sin((/)i).. sin((/)z)), bf^ = sin((/)i).. sin((/)z5-i) cos((/>z)+i_j); j = 1..D, (3.21) 

with (/>!,..(/)£)_ 1 G [0,7r] and (pu G [0, 27r] modulo usual identifications and singularities of polar 
coordinates. Define 

dbf/d(t)j 

~ \\dhi^)/d4>,\y ^^-^^^ 

where the denominator denotes the Euclidean norm of the numerator. Then it maybe checked 
by straightforward computation that 

6f ) = J^^. (3.23) 

We consider now the 80(1) + 1) matrix 

{A{N)-')ij := X: 6f ) ef\ (3.24) 

which has the property that A{N)^^ ■ e*^^^ = A^. 

Now starting from the time gauge, g G SO{D + 1) acts on V and produces N = g ■ e^'^'^ 
and 9 = g ■ p. We decompose g = A{N)~^ R{N) where ^(A^)~^ is the boost defined above and 
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R ■ e^^^ = e^^^ is a rotation preserving e^*^) . It follows that we may parametrise any pair (N, 9) 
with ||A^|| = 1 and G as A{N)^^ ■ {e^^\ p) where p €^ V. We need to investigate how 
SO{D + 1) acts on this parametrisation. On the one hand we have 

[gAiNr^]u = ^{gb^''^)ief\ (3.25) 
A 

On the other hand we can construct A(g ■ N)^^ by following the above procedure, that is, 
computing the polar coordinates 9gj of g - N and defining the 6^"^^ {g ■ N) via the derivatives with 
respect to the 6gj. The common element of both bases is g ■ N = g ■ b^^\ Therefore, there exists 
an element R{g,N) G 80(1?) such that 

g-biiN) = Rkj{g,N)b^''\g-N), (3.26) 

or with Rqq = 1, Rqi = RiQ = 

g ■ 6^(7V) = RBAig, N)b^''^ {g ■ N) (3.27) 
defines a rotation in SO{D + 1) preserving e^'^K Putting these findings together we obtain 

[g-AiN)-']u = Y^ RBAi9,N) bf\g.N) ef^ = ^RAjig,N) b\''\g ■ N) 
A,B A 

= RKjig, N) bf^ {g ■ N) ^S^) = [Aig ■ N)-'Rig, N)]u. (3.28) 

A 



Hence the matrix A(N)~^ plays the role of a filter in the sense that the action of SO(D + 1) 
on A{N)~^ ■ p can be absorbed into the matrix A~^ parametrised hy g ■ N modulo a rotation 
that preserves V and thus altogether the decomposition of Vr = {A{N)^^ ■ V; \\N\\ = 1} is 
preserved with the expected covariant action of SO(D + 1) on A^. It therefore makes sense to 
impose the reality condition that A{N) 9 is a real spinor. In the subsequent construction, this 
idea will be implemented together with an extension of the phase space pj — )• pi subject to the 
constraint pj = 0. All these constraints and the reality conditions are second class and we 
will show explicitly that the symplectic structure reduces to the time gauge theory. Despite the 
fact that we end up with a non trivial Dirac (anti-) bracket, it can nevertheless be quantised and 
non trivial Hilbert space representations can be found as we will demonstrate in the next section. 

We define A{N) G SO{D + 1) quite generalljH in the spin 1 representation by the equation 

A^jN^ = 61,. (3.29) 

It is determined up to SO{D) rotations. From the above equation, it follows that 

Aoi = Nj and AjjX-^ = 6iAijX^ (3.30) 

for X"^ arbitrary. The corresponding rotation on spinors will be denoted by A. This matrix ro- 
tates the normal into its time gauge value 6q without imposing time gauge explicitly, which we 
will use to circumvent the reality problems of the 80(1) + 1) theory mentioned above appearing if 

^There exist other possible choices apart from the construction using polar coordinates which might be better 
suited for certain problems. In D = 3, we can, e.g., construct A{N) as a linear function of the components of 
A^^ by using Aoi — Nj and subsequently interchanging the components of A'^^ with appropriate signs for the 
remaining columns of A{N). 
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we do not choose time gauge. We introduce the set of variables [Aaij ^ir^^^ , , Pj, pj, p*j,a, a*) 
together with the fohowing non-vanishing Poisson brackets 

{^./j(x),7r''^^(y)} =25^5f {n' (x), Pj{y)} = d'jd'' {x - y), 

{Pi{x),p*j{y)} = -iT]ijl6^{x - y), {a{x),a*iy)} = ij^^l6^{x - y), (3.31) 

and the reality conditions 

XI := Apj - {Apj)* = 0, X ■■= Aa - (Aa)* = , (3.32) 

which just say that the fermionic variables are real as soon as the normal gets rotated into 
time gauge. Notice that before imposing the constraints, p, 6 are complex Grafimann variables 
and only the Poisson brackets between these and their complex conjugates are non vanishing. 
The non vanishing brackets between themselves of the previous section will be recovered when 
replacing the above Poisson bracket by the corresponding Dirac bracket. 

Additionally, we want that the variables transform nicely under spatial diffeomorphisms and 
gauge transformations, thus we add 

G^^ := Davr'^" + 2p[^iV^l + 2ipt[^/] + ip^^[iJ:iJ]pK - i (^£^a^^ [iJ:^-^ + . . .(3.33) 

Ha := lTT''-^daAbIJ-^db{7T''-^AaIj)+P'daNj 

~da{p^')pi + ^p^'daPl + ^^5a(cTt)a - i^^^^.CT + . . . . (3.34) 

The old variables are expressed in terms of the new ones by 

E^i (;A'Jfjjj,Tr^iK^^^ ^ (;A/fjjKiAaKj - raKji7r))N-^, 

p, = ^Aijn''HApK + A*p*j^), a = ^{Aa + A*a*), (3.35) 

where the bar here means rotational components w.r.t A^^, fjjj := rjjj — (^NjNj. To remove 
unnecessary degrees of freedom, we need the constraints 

qa i\tJ aKL 

•— ^JJKLM^^ ^ ' 

n'Nj - c, 

jUjjfj'^^iApK + A*p*j,) = Arjf^ipK + A-'A*p*j,), 
N^{Apj + A*p*j), (3.36) 



IM 

JV 
A 
G 



together with the Hamilton and supersymmetry constraints, where we replace the old by the 
new variables as shown above. To prove that this theory is equivalent to Supergravity and can 
possibly be quantised, we have to answer the following questions: 

• Are the reality conditions (j3.32p consistent? I. e., do they transform under gauge trans- 
formations in a sensible way and do they (weakly) Poisson commute with the other con- 
straints? 

• Are the Poisson brackets of the old variables when expressed in terms of the new ones 



(I3.35P equal to those on the old phase space? Does the constraint algebra close, i.e. do 
the newly introduced constraints (j3.36p fit "nicely" in the set of the old constraints? If 
not, do at least the constraints which were of the first class before the enlargement of the 
gauge group retain this property? 
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• Do the constraints, especially the Gaufi and spatial diffeomorphism constraint, reduce 
correctly? 

• Which Dirac brackets arise from the reality conditions? In view of a later quantisation, 
can we find variables such that the Dirac brackets become simple? 

We will answer these questions in the order they were posed above. 

• The orthogonal matrix Ajj is a function of only as we have seen above. We have 
^OK = ^K, but the remaining components of the matrix are complicated functions of the 
components of the vector A^^. Thus, the whole matrix Ajj will have a rather awkward 
transformation behaviour under the action of G^"^ . The reality conditions (j3.32p as a 
whole, however, transform in a "nice" way under SO{D + 1) gauge transformations (we 
will discuss pj in the following, a can be treated analogously). For g G SO{D + 1), the 
reality condition transforms as follows: 

A{N)p^ = AiNYp-'* /^^(g • N)gpK = g*'"" A{g • NYg^p],. (3.37) 

Since g^^ is real, it is sufficient to consider the transformation behaviour of the spinor Ap^ , 
so we will skip the action on internal indices in the following. Note that every rotation can 
be split up in a part which leaves invariant and a "Euclidean boost" changing A^''^. For 
the rotations, A is invariant and we find using A'j^A~^ = fj^ jA~j^^^ and S*-'* = — S*-' 

d-^Api = fkjKAt'^^pi = iKjKAt-^'^A-^Api = iA-^^^p^l^^^j^.S^^^^p, = 

= iA^jAM\K]~^'''T.^^'Apj = iAi^jA^\K]~^''^Y}^Api, (3.38) 

5-^{ApiY = (iAj^AS^^p,)* = {iAi^jA^\K^A'''j:'^Apjr = 

= -iyli[jA„|;,]A-^^S""M*pJ = iAi^jA^\K^A'''^'"'A*p}. (3.39) 

For finite transformations g G SO{D)^ stabilising A^''^, we thus have Apj — )• Agpj = 
goApi, where S SO(I?)o stabilises the zeroth component and thus is, with our choice 
of representation, a real matrix. Hence, reality conditions transform again into reality 
conditions under rotations. For a boost b the situation is a bit more complicated. Under a 
boost Ajj will transform intricately, but we know that a) the matrix remains orthogonal 
by construction, and b) that Aqk = ^k^^l = —Aql^^k- The most general 

transformation compatible with the above is Ajj — )• {go)iKA^^{g~^)LN{b~^)'^M{^g~^)^^j 
where go G SO(Z))o is some group element which does not change the zeroth component, 
g G SO{D)]y is in the stabiliser of A^^ and ^g G SO{D)i,.j^. Since we have SO{D)]\f = 
6~^SO(-D)f,.Ar6, we can eliminate ^g by a redefinition of g. By definition of a representation, 
we then also have A — ?• goAg~^b~^ and thus 

Api goAr^b^^bpi = goAg-^pi = goAp\ (3.40) 

where in the last step we used the result we obtained for rotations above. Since go G 
SO(D)o is real, we see that under a "Euclidean boost" the reality condition can only 
get rotated. What remains to be checked is that the reality condition Poisson commutes 
with all other constraints. It transforms covariantly under spatial diffeomorphisms by 
inspection and, as we have just proven, it forms a closed algebra with SO{D + 1) gauge 
transformations. Concerning all other constraints, note that they, by construction, depend 
only on ^{Ap'^) (cf. the replacement (13.35P and the new constraints (j3.36p ). while the 
reality condition demands that Q{Ap'^) vanishes. But real and imaginary parts Poisson 
commute, which can be checked explicitly, 

{ {Api - A*p*j) , {Apj + A*p*j) } = -i7]ij \+AA^ - A*A^] = 0. (3.41) 
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The brackets between and Kf,j have aheady been shown to yield the right results in 
|25j . The only modifications in the case at hand are a) the replacement of {tt) by A'^"'^ and 
the corresponding replacement of the quadratic by the linear simplicity constraint, which, 
in fact, simplifies the calculations, and b) the matrix Ajj, which does not lead to problems 
because of its orthogonality. For the fermionic variables, we find usin^ Ai^ Aj^ fju = rjij 
and A^A = 1 

{Mx),p,{y)} = -UM/vfv^ [{ApK{x),A*pl{y)} + {A* p*Kix), ApUy)}] 
= -'-AM/vij [aA^ + A*A'^] - y) 

= -l5,^.M«(x-2/), (3.42) 
{a{x),a{y)} = i-^^—^l6^{x-y). (3.43) 

This automatically implies that the algebra of Ti and S remains unchanged if we replace 
the old variables by (|3.35p . From (j3.35p . it is also clear that Ti and S Poisson commute 
with -S*^.^ and Af. By inspection, all constraints transform covariant under spatial diffeo- 
morphisms. More surprisingly, all constraints Poisson commute with G^"^ . This can be 
seen quite easily for G^"^ , T-La, '5*°-^, Af and also for A and (note that A, Ajj are invertible 
and that (p/ + A^^A*p*j^ transforms like pj which can be shown using the methods above). 
But for Ti and S this is, at first sight, a small miracle, since the replacement rules (j3.35p of 
all old variables depend on A{N), which is known to transform oddly. But the matrices A 
are placed such that they, in fact, either a) appear in the combinations {pi + A~^A*p*j) or 
{p\ + pjA^A), which can easily be shown to transform like p^ and p\ respectively with the 
methods above, or b) all cancel out! The general situation is the following: pi is replaced by 
Pi = Ai-^fij^A{pj + A~'^A*p}), pf by pJ = Ai'^f)/{p\ + p^ A^ A)A~'^, where the expression 
in brackets transform sensible (cf. above). The free internal indices of E°'^ , K^j and p'' are 
either contracted with each other, then in the replacement the Aijs will cancel because of 
orthogonality, or with 7*, which will be contracted from both side^ with A{N) and all ^s 
cancel due to {A~^)jjA~^"f^ A = 7/. Cancelling the As makes T-L gauge invariant and S 
gauge covariant by inspection, if we replace all 7^ by i]^. Thus we are left with and A, 
which are their own second class partners but Poisson commute with everything else, which 
can be seen as follows. For 0, note that H, S and A only depend on f)^^ {Apx + A* p*^), 
which Poisson commutes with due to the projector f). For A, the situation again is more 
complicated. Remember that T-L and S in the time gauge only depended on X^Vijp' for 
some X*. Whatever X* may be, under (j3.35p it will be replaced by something of the form 
A^-^Xj and the whole expression will become XiA^^FjKA^^f)L^'^ {ApM + A*p\j) with 
P/j = rjjj — jjjijj. Crucial for the following calculation is the property (j3.30p . which will 



^Because of orthogonality, we trivially have AjjAk'^ = Vik- Additionally, Aij-qj^ — AiK, which can be seen 
from AikN'^ = 0. Therefore, Ai' A/flij = Ai'Aji = rjij. 

''Strictly speaking, this is true only for H, since it has no free indices. For S we may change the definition of 
the Lagrange multiplier tpt — > iitA to make it hold. 
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be used several times. Then we find that the generic term is Poisson commuting with A, 

= -iXjA'^PjKA^V' {I'^f Amm 
= -iXiA^'P.kA'^V AnM 

= -iXjA^'P^kA'^^^^AnL = -iXiA^'Pjkl'' = 0. (3.44) 
The constraint algebra is summarised in table [TJ 



First class constraints 


Second class constraints 


G^^, -Ha, n, S, and Af 


A, e, XI and x 



Table 1: List of first and second class constraints. 



By construction, Ti and S reduce correctly if we choose time gauge = S^, which 
automatically implies Ajj ^ {go)i,j G SO(Z))o. Since the theory is SO(L')o invariant, a 
gauge transformation ^ \ can be performed, which implies p^ = pi.. From this one 
easily deduces that G^^^ and T-La also reduce correctly. Since the theory was SO(L' + 1) 
invariant in the beginning, these results do not depend on the gauge choice. 

For the Dirac matrix, we fincH 

Cij = {Api-{Api)\Apj-{ApjY} 



-AA^ - A*A^ 



2ilrijj (3.45) 



[C-^y-^ = --Iry" (3.46) 

{pi,Pj}db = -{pi,ApK-{ApKr}iC-Y''{ApL-{ApLr,Pj} = 

= -'-rjrjA^A*, (3.47) 

and for a analogously. We now can choose new variables which have simpler brackets. 
Motivated from the original replacement (|3.35|) . we define 

pi := A^-^Apj, ar := Aa, (3.48) 

{piY = A''A*p*j = A'-'A*{{A*r^Apj) = pi, a; = a„ (3.49) 

with the Dirac brackets 

{pi,Pr}DB = {A'''ApK,A'''ApL}^^ = -'-v''AA^A*A'^ = -'-r^'-h, (3.50) 

{ar,<7r} = i—r^ rl- (3.51) 

I rs -1) ^ ' 

Thus, the Dirac brackets of the pi, ar are simple as are the reality conditions. Only the 
transformation behaviour of the new variables under SO(D + 1) rotations is complicated 



Note that the Dirac matrix is block diagonal. Therefore, we do not need to consider the full Dirac matrix at 
once. 
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because of the appearance of the rotation A in their definition. Note that also {-P^, P'^} 

{P^ , Pr} £)B ^ '^^} DB ^^^^ non-zero. Therefore, we also choose a new variable 

with simple Dirac brackets, which can most easily be found by performing the symplectic 
reduction. After that, we can simply read it off the symplectic potential. We find using 
PI = AjiA'^pJ and p\ = Ajiipj^A 

+ip\p^ - i^^-^a^d + P^Ni 

= iA/{pifA{AKiA-^p^) - i^l-la^A{A-^ar) + P'Ni 

= i{p'lfpjr-i^^^aJ&r + P^Ni + 

= i{plfpj,-i^^-^alar^P^Ni, (3.52) 

with := + iAj^{pJf9A^pK + i^pJfA^pjr - i^ajA^ar. It can be 

checked explicitly that P^ , expressed in the old variables (P^ , Nj, p\, p-^ ,a\a), Poisson 
commutes with the reality conditions and with itself, and therefore has nice Dirac brackets. 
For the spatial diffeomorphism constraint, a short calculation yields 

Tia = P'daNj-'-da{p^')pi+'-p^'daPi + i^^da{a^)a-t^^a^daa + ...= 

= pIdaNi + iip',fdaPlr-i^^^<Tjdaar + ..., (3.53) 

which by inspection generates spatial diffeomorphisms on the new variables. The con- 
straints A and become 

A = jipi ^ and G = p° « 0, (3.54) 

which look utterly non-covariant, but which by construction still Poisson commute with 
the SO{D + 1) GauB constraint. It therefore has to have a complicated form. We find 

QiJ ^ 2p[^iV'^l + 2ipt[V^] + ipUi^'V - i (^^^^) t^^''']^ + • • • 
= 2p[^iV'^l + 2ip^,^AK^'Ai\'^p^ + ipl,A\iY.'-J]A~^p^ 

- \^A\,^^M~'^r + 2i ( AM\ptr^^pf+ 



Finally, we solve the remaining second class constraints A and which after a short calcu- 
lations results in the final Dirac brackets 

{p\^A]nB = {pI^P^Adb = 0' {p^^^pDob = 0- 

As a consistency check, we can consider 
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which coincides with the Dirac brackets obtained in (j3.6p . 

The form of the Hamiltonian and super symmetry constraints 7^, S strongly depends on the 
Supergravity theory under consideration. Exemplarily, we cite the supersymmetry constraint in 
D = 3, N = 1 Supergravity from [38] adapted to our notation, 

+ 2^'"'''^^'^'» (^^ ' + ^0z7°7'^i?r<^™) 7'e^<^„, (3.57) 

where = dacpi + Waij(/^ + ^uJaki^''^4>i, i^aij = ^aij + 4^ea {4>ak4'j + 2<^[i7j]0fc), and Taij is 
the spin-connection annihilating the triad. An explicit expression for 5 in terms of the extended 
variables {A, ir, N, P, p, p* ,cr,a*) can be found using (|3.1ip . (j3.35p . The corresponding constraint 
operator is obtained using the methods in section [4l IA.6I and pH[65]. 

4 Background Independent Hilbert Space Representations for 
Major ana Fermions 

Background independent Hilbert space representations for Dirac spinor fields were constructed 
in [28]. One may think that for the Rarita-Schwinger field or more generally for Majorana 
fermion fields one can reduce to this construction as follows: Consider the following variables 

which have the non-vanishing Dirac brackets 

{e''{x),7r''^{y)] = -ir^''5^H^''\x - y) (4.2) 
and the simple reality condition 

7f = -ii. (4.3) 

The elements of the Hilbert space are field theoretic extensions of holomorphic (i.e. they only 
depend on 0") functions on the GraBmann space spanned by the GraBmann numbers 9^ and 
their adjoints 0°, the operators corresponding to the phase space variables act as 

U:=ef, vr/:=i^/, (4.4) 

and the scalar product 

</,g>:= / e'^fgdOde (4.5) 



faithfully implements the reality conditions. There are, however, two drawbacks to this: 

1. Due to the arbitrary split of the variables into two halves, the scalar product is not SO(-D) 
invariant which makes it difficult to solve the GauB constraint. 

2. The scalar product given above fails to implement the Dirac bracket resulting from the sec- 
ond class constraints, that is, /0^^}d_b = — '^'ij ■ Recall that one must solve the second 
class constraints before quantisation, hence it is not sufficient to consider the quantisation of 
the Poisson bracket as was done above. 

In what follows we develop a background independent Hilbert space representation that is SO(-D) 



20 



invariant, implements the Dirac bracket and is geared to real valued (Majorana) spinor fields. 
We begin quite generally with N real valued GraBmann variables 9a, A = 1,..,A^; 9(^aGb) = 
0; 9'^ = 6a- We consider the finite dimensional, complex vector space V of polynomials in the 9a 
with complex valued coefficients. Notice that f € V depends on all real Graf5mann coordinates, 
it is not holomorphic as in the case of the Dirac spinor field [2H]. Thus dim(y) = 2^ is the 
complex dimension of V. We may write a polynomial f £ V in several equivalent ways which 

(n) 

are useful in different contexts. Let Ia a^^ < n < N he a completely skew complex valued 
tensor (n-form) then / can be written as 

N N 

/ = E ^ ft-A^ O^K.9^- = E E (4-6) 

n=0 ■ n=0 l<Ai<..<A„<Ar 

An equivalent way of writing / is by considering for cjfc G {0, 1} and < .. < the relabelled 
coefficients 

U,..a^-fM..A„^ ^^^^ (4.7) 

It follows 

/= E (4.8) 

cri,..,o-jve{0,l} 

with the convention 9^ := 1. 

On V we define the obvious positive definite sesqui-linear form 

TV 

<f'f -^-^ E E ^Al.Ajv -^^l.-Ajv ~ E f^l--o-n fai..aM (^•9) 
n=0 Ai<..<An ai..aff 

as well as the operators 

[9A-fm:=9Afi9), [dA-fm:=d'f{9)/dA, (4.10) 

where the latter denotes the left derivative on Grafimann space (see, e.g., [62] for precise defini- 
tions). Notice the relations = 0, 2d(^A0B) = ^AB which can be verified by applying them 
to arbitrary polynomials /. We claim that the operators (j4.10p satisfy the adjointness relation 

^1 = Oa. (4.11) 
The easiest way to verify this is to use the presentation ()4.8p . We find explicitly 



0-l,..,(T]V 
(Tl,..,t7]V 

— • \ ^ fA n<7l /jcrjv 

— • 2^ Jcri..aM C'l ■■'^N ' 

(Jl,..,CT]V 

dA-f = Yl u.^A-'^r^-^''^-' s^AA^r-^- 



(TJV 

N 



Y [/-i-A+i-iv (-1)-+-+--- 5^,,o] 9-,\.9%- 



(T1,..,CT]V 



E fL<rA?-07^ (4-12) 



(J1,..,CT]V 
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where the wide hat in the fourth Hne denotes omission of the variable. We conclude 

< /) ^A/ > = ^ ^ /cri..(7]V /(T1..0-JV 

CT1,..,(7JV 

E7 ('_l)'7l+..+(TA-l f ' 1 5 1 

(T1,..,CTJV 

= 7 n ('_iyi+..+o-.4-ix r f ' 



(Ti,..,a-jv 



E fA..ar,fZ,...^=<dAfj'>. (4.13) 



(T1,..,(TJV 



Although not strictly necessary, it is interesting to see whether the scalar product (]4.9p can 
be expressed in terms of a Berezin integral, perhaps with a non trivial measure as in [28] 
for complex Grafimann variables. The answer turns out to be negative: The most general 
Ansatz for a "measure" is dfj, = d6i..d9]\f with fj, £ V fails to reproduce (j4.9p if we 
apply the usual rule for the Berezin integrao f d9 9'^ = 6a;i- Notice that from this we induce 
J d9A d9B = — J d9B d9A as one quickly verifies when applying to V. However, there exists a 
non-trivial differential kernel 

K := {9i + {-l)^-^di)..{9N + {-l)^-'dN) (4.14) 

such that 

<fj'>= I d9N..d9ir Kf, (4.15) 
where we emphasise that /* is the GraBmann involution 

r = E 7^(^7-(^r= E ^^(-1)^"-"''^^™'''^^"^^ (4-16) 

f71..(TJV (71..(TJV 

and not just complex conjugation of the coefficients of /. Notice also that due to total antisym- 
metry we may rewrite (j4.15p in the form 

(_l)NiN~l)/2 f 

< fJ' >= J d9A,..d9A^ rDA,..DA^ f (4.17) 

where 

DA = 9A + {-lf~^dA. (4.18) 

The presentation (14.19^ establishes that the linear functional is invariant under U(A^) acting on 
Vhy 

f^U-f; [U- f]^^l^^ = fi^lB^UB.M-.UB^A^, (4.19) 

which is of course also clear from (j4.9p . Notice that ()4.19p formally corresponds to 9a Uab9b 
but this is not an action on real Grai5mann variables unless U is real valued. If we want to have 
an action on the linear polynomials with real coefficients then we must restrict U(A^) to O(A^) 
or a subgroup thereof which will precisely the case in our application. In this case it is sufficient 
to restrict to real valued coefficients in / and now the real dimension of V is 2^. 

We sketch the proof that (|4.14p accomplishes (j4.15p . We introduce the notation for A; = 1, .., 

■= E /'^l-'^iV C+V-^AT^' {4:.20) 

0"fc+l--0'JV 



'Rather a linear functional on V which is of course also a non Abelian Grafimann algebra. 
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whence Fo-i,,ctjv = fai..aN- Notice that -F(Ti..crfe no longer depends on 9i,..,0k. Using this we 
compute with d'^O := dO^.-dOi and using anticommutativity at various places 

j d^e f* K f 

= j d^e [Fo* + Fl Oi] (01 + i-lf^'di) D2 .. Dn K + Oi F[] 

= I d^d {f* (-1)^-1 D2..DN [0iF^ + {-1)^~'F[] + F* (-1)^-1 D2 .. Dm F[] 
= J d^'e {f* 01 D2..DN F^ + F* 01 D2 .. Dn F[}, (4.21) 

where we used that the second term no longer is linear in 61 and therefore drops out from the 
Berezin integral. The calculation explains why the factor (—1)^"^ in (|4.18|) is necessary. 
Next consider the first term in the last line of (j4.2ip . We have 

J d^6F^6i D2..DnF^ 

= j d^e [Fo*o + Fo*i02] 9i {62 + {-lf~^d2) D-3..DN [F^o + ^2F^i] 

= J d^e {f*o 0^ j^,^ + (-i)^-ia2)[F^o + &2Fl,^] 

+ F*i (-1)^-2 Oi D3..DN 6282 [F^o + ^2F^i]} 
= j d^'e {Fo*o (-1)^-2 Oi D3..DN [e2F^o + (-l)'^-'F^i] +Fo*i (-1)^-2 9, D3..DN 02 F^i]} 
= j d^9 {f^o9i92Ds..Dn F^q + F^^9^92D3..Dn F!,^y (4.22) 
Similarly for the second term in (j4.2ip 

J d^9 F^ 9iD2..Dj^ Fi = J d''9 {F^o9i92D-i..DN Fio + F^,9i92D3..DN Fi^y (4.23) 

It is transparent how the computation continues: We continue expanding Fq-^. o-^. = Fo-j.. 0-^.0 + 
0fc+iFo-i..CT^i and see by exactly the same computation as above thai 1^ the signs match up to the 
effect that 

J d^9 F:^,,,J,..9uDk+i..DM F',^,,,^ = Y, j d^9 F:^,,,^^J,..9k+iDk+2..DN F',^,,,^^^, 

o"fc + l 

(4.24) 

from which the claim follows using J d^ 9 9i..9n = 1. In our applications N will be even so 
that Da = 9a — Qa- 

For our application to the Rarita-Schwinger field we consider the compound index A = (j, a), j = 



'-'A strict proof would proceed by induction which we leave as an easy exercise for the interested reader. 
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1, ..,D; a = l, .., 2[(^+^)/2J or just A = a whence N = DM or N = M is even. We consider the 
auxihary operator 

^-:=^[0J + a-], (4.25) 
which by virtue of (j4.1ip is self adjoint and satisfies the anticommutator relation 

[Pj,pi]+ = %S''^- (4.26) 

However, is not yet a representation of p™ which satisfies the Dirac antibracket {p™, p]f}DB = 
-|P°f and the reality condition (p™)* = p^". Similarly, {uq,, CT/^Idb = ^ 2(if-i) '^"Z^' = 
Correspondingly, what we need is a representation '/r(p"), 7r((TQ,) of the abstract CAR *-algebra 
defined by canonical quantisation, that is, 

[p™,pf]+ = ^Pjf, (p,^°)*=p™, K,a;U = ^^^^^6.fs, {<T = al (4.27) 

all other anticommutators vanishinepl. Fortunately, using that P°^^ is a real valued projector 
(in particular symmetric and positive semidefinite) we can now write the following faithful 
representation of our abstract *-algebra ()4.27p on the Hilbert H = Vdm ® Vm defined above: 

vr(p-) := Pjf pf , vr«) := ^/^[^a + d^]. (4.28) 



So far we have considered just one point on the spatial slice corresponding to a quantum me- 
chanical system. The field theoretical generalisation now proceeds exactly as in |28j and con- 
sists in considering copies Hx of the Hilbert space just constructed, one for every spatial point 
X and taking as representation space either the inductive limit of the finite tensor products 
T~{-xi,..,x„ = '^k=i 'Hxk [SB] or the infinite tensor product [67j 7i = 0xT~ix of which the former is 
just a tiny subspace. The *-algebra (j4.27p is then simply extended by adding labels x to the 
operators and to ask that anticommutators between operators at points x,y be proportional to 
6x,y in agreement with the classical bracket. It is easy to see that adding the label x to ()4.28p 
correctly reproduces this Kronecker symbol and that they satisfy all relations on the Hilbert 
spacJ^. Finally notice that the corresponding scalar product is locally SO(L') invariant. 



5 Generalisations to Different Multiplets 

5.1 Majorana Spin 1/2 Fermions 

The above construction generalises immediately to Majorana spin 1/2 fermions which are also 
present in Supergravity theories, e.g. D + l = 9 + l, N = 2a non-chiral Supergravity [68]. They 
are described by actions of the type 

^Majorana, 1/2 = / d^+^XiX^D^X (5.1) 



'^^This corresponds to the quantisation rule that the anticommutator is +ih times the Dirac bracket in the p 
sector and —ih times the Dirac bracket in the a sector. This is the only possible choice of signs because the 
anticommutator of the same operator which in our case is self adjoint is a positive operator. The other choice of 
signs would yield a mathematical contradiction. 

^■^In the case of the inductive limit, a vector in u G 'Hxi,..,x„ is embedded in any larger 'Hxi,..,x,^,yi,..,yr„ by 
V 1-^ V (gi (gj^l where 1 is the constant polynomial equal to one. This way any operator at x acts in a well defined 
way on any vector in the Hilbert space. 
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which, using time gauge and a real representation for the 7-matrices, lead to the canonical 
brackets {Aq,, A^} ~ i6ai3 with the reality conditions A* = A. They can thus also be treated with 
the above techniques by substituting pi with A and removing the Ajj matrices as well as the 
fjlJ projectors. 



5.2 Mostly Plus / Mostly Minus Conventions 

The convention used for the internal signature, i.e. mostly plus or mostly minus and the asso- 
ciated purely real or purely imaginary representations of the 7-matrices, does not interfere with 
the above construction. The important property we are using is the reality of iS/j for S0(1, D), 
i.e. that the Gaufi constraint is consistent with real spinors. The substitution 7/ — t- ijj necessary 
when changing the signature convention does not influence these considerations. 



5.3 Weyl Fermions 

In dimensions D + 1 even, we also need to consider the case of Weyl fermions. To this end, we 
define 

D(D+1) , -, T 

7five := i 2 +^7^71 . . . 7J5 (5.2) 

with the properties 7^^^ = 1, 7^^^ = 7fivc and [7/, 7fivc]+ = (which follows from our conventions 
for the gamma matrices (70")^ = —1, = 1, 7} = rjjj^j). We introduce the chiral projectors 

P± = i (1 ± 7five) , (5.3) 

which fulfil the relations V^V^ = V^, V^V^ = 0,V+ + V' =1 and (P=^)t = V^. These follow 
directly from the properties of 7five- 

5.3.1 Spin 1/2 Dirac-Weyl Fermions 

The kinetic term of the action for a chiral Dirac spinor is given by 

5f = - ^ d^'-^'X (^^-^e^;j^D^V+^ - '-D;:^e>ij'V+^^ . (5.4) 

The 3+1 split is performed analogous to [65]. Choosing time gauge, we obtain the non- vanishing 
Poisson brackets 

{*±,n±} = -P±^, (5.5) 

where 11^ = — z(^^)^, and the first class constraint 

Xa:=n-, (5.6) 

where we used the notation := V^"^. The first class property of this constraint follows 
from the fact that the action ()5.4p and therefore all resulting constraints do not depend on ^~ 
at all. In the quantum theory, the Hilbert space for the chiral fermions can be constructed 
similar to the case of non-chiral ones [28]. We obtain a faithful representation of the Poisson 
algebra by replacing the operators 6a (acting by multiplication) and 9a = defined in [28] by 



:= T-'aB^p and ^+ := OjjVi, as can be seen by 



5+ fl+ 
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The reality conditions are implemented if we use the unique measure constructed in [28j. We 
then have to impose the condition 

kfi{Op}) = 0, (5.8) 

which restricts the Hilbert space to functions / such that f{{9a}) = /({"^a/?^/?})- Classically, 
observables do not depend on In the quantum theory, they become operators which do not 
contain 9~ and therefore commute with 6~. 

5.3.2 Spin 3/2 Majorana-Weyl Fermions 

Major ana- Weyl spin 3/2 fermions appear in chiral Supergravity theories, e.g., D + 1 = 9 + 1, 
= 1 [69]. In general, in a real representation (7J = r]ii^i) or in a completely imaginary 

representation {'yj = —rjjj^i) we have 7^^^^, = (— 1)~^^ ^^""^Tfivc- Therefore, if is odd, we 
have ("P^)^ = , and if -^^^ is even, (V^)^ = . In the case at hand {D = 9), there exists 
a real representation and the chiral projectors will be symmetric, ('P^)^ = V^. Again, we will 
just consider the kinetic term for a chiral Rarita-Schwinger field, 

S = [ d^+^X{is ei^^-t^P"DpV^i)„) . (5.9) 
JM 

The 3 + 1 split is performed like above. We find the second class constraint vr^ = i{4>j')'^"f^'^V~^ 
and the first class constraint vr" = 0. We introduce a second class partner (p~ = for the first 
class constraint. Then we can solve all the constraints using the Dirac bracket 



DB 



-V+{C-%V+, (5.10) 



and all other brackets are vanishing. From here, we can copy the enlargement of the internal 
space from above, which results in the same theory with all variables projected with . (Note 
that equations like e.g. p+ = \Aijfi^^V+ {ApK + A* p*j^) = \Aijf)^^ [Ap'\^ + A*{p+)*j^) are 
consistent. This can be seen by the fact that the matrix A[N) can be written as an infinite 
sum of even powers of gamma matrices, A{N) oc exp(zA/j(A^)S^'') and therefore it commutes 
with the projectors .) The quantisation of the resulting theory with variables p^/ and is 
similar to the non-chiral case, with chiral projectors added in observables, and modifications 
of the Hilbert space similar to the ones given above for Dirac- Weyl fermions. 



6 Conclusions 

In the present paper we have demonstrated that the complications arising when trying to extend 
canonical Supergravity in the time gauge from the gauge group SO(D) to SO(Z) + 1) in order 
to achieve a seamless match to the canonical connection formulation of the graviton sector 
outlined in [241 [29] can be resolved. Since we worked with a Majorana representation of the 
7-matrices, our analysis is restricted to those dimensions where this representation is available, 
which, however, covers many interesting supergravity theories {d = 4,8,9, 10, 11). The price to 
pay for the enlargement of the gauge group is that the phase space requires an additional normal 
field N and that the constraints depend non trivially on a matrix A{N) which transforms in a 
complicated fashion under SO{D + 1) but which in the present formulation is crucial in order 
to formulate the reality conditions for the Majorana fermions in the SO(L' + 1) theory. 

One would expect that the field is superfluous and that the matrix A{N) would simply drop 
out when performing an extension to S0(1, D) because then no non trivial reality conditions need 
to be imposed. One would expect that one only needs the quadratic and not the linear simplicity 
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constraint and that, just as it happened in the graviton sector [24:\ [29], the Hamiltonian phase 
space extension method simply coincides with the direct Hamiltonian formulation obtained by 
an D+1 split of the S0(1, D) action followed by a gauge unfixing step in order to obtain a first 
class formulation. Surprisingly, this is not the case. The basic difficulty is that when performing 
the -D + 1 split without time gauge, the symplectic structure turns out to be unmanageable. 
A treatment similar to the one carried out in this paper is possible but turns out to be of 
similar complexity. It therefore appears that there is no advantage of the S0(1,-D) extension 
as compared to the S0(1 + D) even as far as the classical theory is concerned. We hope to 
communicate our findings in a forthcoming publication. Of course, the quantum theory of the 
S0(1,Z)) extension is beyond any control at this point. 

The solution to the tension presented in this paper, between having real Majorana spinors 
coming from S0(1, D) on the one hand and an SO{D + 1) extension of the theory which actually 
needs complex valued spinors on the other, is most probably far from unique nor the most 
elegant one. Several other solutions have suggested themselves in the course of our analysis 
but the corresponding reformulation is not yet complete at this point. Hence, we may revisit 
this issue in the future and simplify the presentation. Furthermore, it would be interesting to 
investigate if the extensions of the gauge group SO{D) — >• SO{D + 1) also is possible in the case 
of symplectic Majorana fermions, which would permit access to even more supergravity theories. 

To the best of our knowledge, the background independent Hilbert space representation of 
the Rarita-Schwinger field presented in section 4 is also new. Apart from the fact that this has 
to be done for half-density valued Majorana spinors whose tensor index is transformed into an 
external one by contracting with a vielbein, as compared to Dirac spinors there is no represen- 
tation in terms of holomorphic functions [28] of the Grafimann variables and one had to deal 
with the non trivial Dirac bracket. 
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A Linear Simplicity Constraints 



As outlined in the main text, the most convenient SO{D + 1) extension of SO{D) Lorentzian 
Supergravity in the time gauge employs a normal vector field N for which we have to provide 
symplectic structure, additional constraints and its interplay with the quadratic simplicity con- 
straint in order to make sure that the physical content of the theory remains unaltered. In effect, 
the results of [24\ [29] are reformulated in terms of a linear simplicity constraint in the spirit of 
the new Spin Foam models j70[ \7T\ \72\ [73| [74} I75j . Therefore, a dynamical unit-length scalar 
field will be introduced, which - if the simplicity constraints hold - has the interpretation of 
the normal to the (spatial pullback of the spacetime (D + l)-) vielbein in the internal (Lorentzian 
or Euclidean) space. It will be shown that the constraints comprise a first class system and that 
the theory in any dimension is equivalent to the ADM formulation of General Relativity. The 
results are shown to extend to coupling of fermionic matter treated in [25]. Like in |24[ 129] . 
we can choose either SO{D + 1) or S0(1,-D) as gauge group for Lorentzian gravity. However, 
only for the compact case, we are able to construct the Hilbert space for the normal field 
. In a companion paper [76], we will comment on the implementation of the linear simplicity 
constraint operators on the Hilbert space Tix = Tigrsv ^T-Ln- 

A.l Introductory Remarks 

In |24[ 129] . gravity in any dimension D has been formulated as a gauge theory of S0(1,-D) or 
of the compact group SO(D + 1), irrespective of the space time signature. The resulting theory 
has been obtained by two different routes, a Hamiltonian analysis of the Palatini action making 
use of the procedure of gauge unfixinj^. and on the canonical side by an extension of the ADM 
phase space. The additional constraints appearing in this formulation, the simplicity constraints, 
are well known. They constrain bivectors to be simple, i.e. the antisymmetrised product of 
two vectors. Originally introduced in Plebanski's [80] formulation of General Relativity as 
constrained BF theory in 3 + 1 dimensions, they have been generalised to arbitrary dimension 
in [81]. Moreover, discrete versions of the simplicity constraints are a standard ingredient of 
the covariant approaches to Loop Quantum Gravity called Spin Foam models [82l [72l [71] and 
recently were also used in group field theory [83] . Two different versions of simplicity constraints 
are considered in the literature, which are either quadratic or linear in the bivector fields. 
The quantum operators corresponding to the quadratic simplicity constraints have been found 
to be anomalous both in the covariant [73] as well as in the canonical picture |84[ 165] . On 
the covariant side, this lead to one of the major points of critique about the Barrett-Crane 
model [82] : The anomalous constraints are imposed stronglj0, which may imply erroneous 
elimination of physical degrees of freedom [85] . This lead to the development of the new Spin 
Foam models [701 EB CSl IZH [Z5] ■, in which the quadratic simplicity constraints are replaced 
by linear simplicity constraints. The linear version of the constraint is slightly stronger than 
the quadratic constraint, since in 3 + 1 dimensions the topological solution is absent. The 
corresponding quantum operators are still anomalous (unless the Immirzi parameter takes the 
values j3 = ±y^, where Q denotes the internal signature). Therefore, in the new models (parts 
of) the simplicity constraints are implemented weakly to account for the anomaly. 

To make contact to the covariant formulation, it is therefore of interest to ask whether, 
from the canonical point of view, (a) the theory of [24[ [29] can be reformulated using a linear 
simplicity constraint, and (6) if so, whether the linear version of the constraint can be quantised 
without anomalies. Both of these questions will be answered affirmatively, the answer to (a) 

^^See [771 [78] [79] for original literature on gauge unfixing. 

^''strongly here means that the constraint operator annihilates physical states, C\ip) = V|V') G Hphys- 
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in this appendix and the answer to (b) in our companion paper |76] . As we have shown in 
the present paper, the use of the hnear simphcity constraints (already at the classical level) 
is probably the most convenient approach towards constructing a connection formulation for 
Supergravity theories in D + 1 dimensions with compact gauge group. To answer (a) we will 
follow the second route as in [21] and construct the theory with linear simplicity constraint by 
an extension of the ADM phase space. 

Note that the linear constraints already have been introduced in a continuum theory in [86], 
yet the considerations there are rather different. The authors reformulate the action of the 
Plebanski formulation of General Relativity using constraints which involve an additional three 
form and which are linear in the bivectors, without giving a Hamiltonian formulation. This 
paper on the other hand will deal exclusively with the Hamiltonian framework. 

Notice that we denote by (s) the space time signature and by (0 the internal signature, 
which can be chosen independently as in [2^. In particular, the gauge group S0{7]) (with 
r] = diag(C, 1, 1, •.■)) can be chosen compact, irrespective of the space time signature. This will 
be exploited when quantising the theory in [76], where we fix ^ = 1 and therefore do not have to 
bother with the non-compact gauge group S0(1,D). There, we employ the Hilbert space rep- 
resentation for the normal field derived in section IA.6I of this paper and then we find quantum 
operators corresponding to the linear simplicity constraint and show that these operators (6) 
actually are of the first class and therefore can be implemented strongly. 

This appendix is organised as follows. Since the construction of the new theory follows neatly the 
treatment in |24j , in section IA.2I we will shortly review the extensions of the ADM phase space 
introduced there, highlighting those details which will become important in the case of linear 
simplicity constraints. In section [A.3l the new theory is presented and proved to be equivalent to 
the ADM formulation, which already implies that solving the linear simplicity constraints classi- 
cally (section lA.4p leads back to the (extended) ADM phase space and its constraints. Next, we 
show that the framework can be extended to coupling of fermionic matter (section IA.5P . Finally, 
we construct a background independent Hilbert space representation for the normal field in 
section (IA.6P which exploits the fact that on-shell is a unit vector and therefore valued in a 
compact set. 

A. 2 Review: Quadratic Simplicity Constraints 
A.2.1 Step 1: {ETa/j, vr''^^} - Theory 

In [24], the ADM phase space is extended using the variables tt"^^"^ and KbKL, which are related 
to the ADM variables via 

2Cqq<'\ (A.l) 
.'bKLj^^^^^ac^^^^ (A.2) 

-s^ (k-' - q'^'K^) = ^ (g^^ (vr) vr^^^K^i^L - q"' (^) tt^'^'-K^kl) .(A.3) 



TT TT IJ 



K 



ab 



jab 
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The ADM constraints expressed in this variableq^ are given by 

-Ha = -2qacVbP'"' = -^Vb{KaijTr'''^ -6iKcij7r''-^] , (A.4) 



n 



8VQ 



n^-l^Jn'^^^KMjKaKL) - V^R, (A.5) 



where is the covariant derivative annihilating the spatial metric. In order to have the right 
number of physical degrees of freedom, the Gaufi and the (quadratic) simplicity constraints are 
introduced 

G^-^ := 2i^«[^x7r"^l-^l, (A.6) 
■■= l^/ji.LM-'^"-"^^- (A.7) 

Using the Poisson brackets 

[Kaij^"^] = Si {6fd!j - 5f5f) , {tt'^'', tt^^^I = {K^ij, K,kl] = (A.8) 
for the extended variables, it has been verified in j24j that ADM Poisson brackets 

- « {p'^^p''}^^^^ , - ^l^'y (^-9) 

are reproduced in the extended system up to terms which vanish if the constraints (|A.6IA.7p 
hold. Actually, only the rotational parts of the GauB constraint ()A.6P is needed for the above 
Poisson brackets to hold. Without going into the details of the calculation (cf. [M] for further 
details), we want to point out that (|A.6P is only needed for the {P, P} - bracket, where terms 

K^°- ijtt'^'^^'^ ~ k]^ ^TT^'^'^'^^'K^^ imt^%^^ oc G^"^ appear (the bar denotes rotational components, see 
below for notation). This will become important when proving the validity of the theory with 
linear simplicity constraint in section lA.31 Since the ADM brackets are recovered, in particular 
the Dirac algebra of Ha and % is reproduced in the extended system, the whole system of 
constraints |?^a, ^, G^-^ , S^} can easily be shown to be of the first class j24j . 

For later comparison with the solution of the linear simplicity constraints in section IA.41 we 
review the solution of the quadratic simplicity constraints as given in [871 • The solution to 
the quadratic simplicity constraint is in any dimension given by [81} 



T,^iJ = 2n^^E''\'^\ (A.IO) 

where is the unit normal to the vielbein, defined (up to sign) by the equations n^ni = C, and 
mE"^ = 0. We can use n and the projector -qjj := ry/j — (''^inj to decompose any bivector 
Xjj into its rotational {Xjj := fjffjjXKL) and boost parts {Xj := —Qn'^Xij) with respect to 



Note that by calculating the determinant of equation (|A.1|) . we can express both q and in terms of tt" , 
and via the formula for the inverse matrix we also obtain an expression for gai)(7r)- AH metric-related quantities, 
like e.g. the Levi-Civita connection V%f, := \q'^'^ {daQbd + dtQad — ddQab) and the Ricci scalar R, can now be 
expressed in terms tt"^'' and will automatically be understood as functions of tt'^'-' in the following. To keep 
notation simple, the tt""''^ - dependence will not be made explicit. 



30 



n 



^ . Using (jA.lOp . the symplectic potential reduces to [8 



KijE-J, (A.ll) 



where we have dropped total time derivatives and divergences. The inverse vielbein Eai is 
defined by the equations EaiE'^j = fjjj and EaiE^^ = 5\ . For the constraints, we find in terms 
of these variables 

\hjG'' = -XuE<'K'J\ (A.12) 
N'^Ua ~ 2CN''V^,E^'K'^^,, (A.13) 
N-H « N(^^E'^'E'-JRaMj-E-^'E^\^K'^,Kij), (A.14) 

where terms proportional to the GauB constraint ()A.12p as well as total derivatives were dropped 
in (jA.lSp . Thus we arrive at an already well-established Hamiltonian formulation of General 
Relativity |87j . which leads to the ADM formulation after solving the S0(?/) Gaufi constraint. 

A.2.2 Step 2: {^^'^ Aaij ,^^^^^^^] - Theory 

Having this extension of the ADM phase space at our disposal, we can turn it into a connection 
formulation in a second step. We define the spin connection constructed of the tt"'^'^ by 

Ta/J := -^—^T^bKLn^n^lda^^J]- + CVlfv J]KT^bLMdaTT^^^ + CK^ KllT^c\J]^ , (A.15) 

where we used the abbreviations 



n^nj := — 
D 



^—j {ir'^^^TTaKJ - Cv^j) , VlJ ■= mJ - (ninj, and 



TTalJ := (^^"^^A'lJ Aj = ^ga6Aj. (A.16) 



(-1) 



One can check that Faij satisfies weaklj0 the following identity 

daTT-'' + [Ta,7T-Y' ^0. (A.17) 

Moreover, it transforms as a connection under gauge transformations 

I^G^^ [Axl] ,ra/j| ~ daAij + [Ta,A]u (A. 18) 

if the simplicity constraint holds. This suggests the introduction of the following connection 
variables 

^^^Aau:=raij + l3Kau and ^^K'^' ' := ^tt'^' ^ , (A.19) 



^^Note that when solving the simpUcity constraint (tt"^"'^ = 2n'^iJ"'"'^'), Taij reduces to the hybrid spin con- 
nection introduced by Peldan [S3 which annihilates i?"^ (and, since is a function of E"'^ , also annihilates n'). 
When additionally choosing time gauge n' = Sq, the hybrid connection furthermore reduces to the familiar SO{D) 
spin connection annihilating the SO(D) vielbein E"'' (i = 1, D). 
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with a free parameteirl /3 € lR/{0} and Poisson brackets given by 

(A.20) 

Using equation (jA.lTp . we can rewrite the Gaufi constraint to obtain a famihar expression for 
the generator of gauge transformations 



G^-^ = + 



IJ 



^dj^^7r''''+ ('^U./'^V'^ 



IJ 



(A.21) 



Now we can repeat the above analysis, again expressing the ADM variables and constraints in 
terms of the new ones, 



2C 

13' 



alj 



(A.22) 



= A^J(W)a-t) (^)n'''' -6tMA-T) ^^K'^'A, (A.23) 

2 V V / alj V / clj ' 

U = -^aP)^WJ{P)^h]KLap)^_^\ (Wa-t) )-J^R, (A.24) 

Sy/g V V JblJ \ J aKLJ ^ 

and checking that the ADM Poisson brackets are reproduced on the extended phase space 
Gaufi and (quadratic) simplicity constraints [24]. 
Prom the classical point of view, this formulation is a genuine connection formulation of 
General Relativity. In the quantum theory, the quadratic simplicity constraint leads to anomalies 
both in the covariant [73] as well as in the canonical approach [29]. Therefore, we want to 
introduce a linear simplicity constraint in the canonical theory in the next section, inspired by 
the new Spin Poam models |70l EH EZl EH] [711 ES] . 

A. 3 Introducing Linear Simplicity Constraints 

Recall that the solution to the (quadratic) simplicity constraint in dimensions D > 3 is given by 
[Slf^ = 44> Wtj-o-IJ = and that is no independent field but determined by the 

vielbein E""^ . We now postulate a new field , which will play the role of this normal, together 
with its conjugate momentum Pj, subject to the linear simplicity and normalisation constraints 

S^M ■■= ^IJKLM^"^^^^"''''^ (A-25) 
M ■= N^Ni-C- (A.26) 

The solution to the linear simplicity constraints in any dimension D > 3 is given bj0 il^)Ti"-^-^ = 
^A^[^£'"l'^l , with NjE"-^ = 0. We see that on the solutions, the physical information of (^)7r"^'^ 

is encoded in the vielbein E""^ , which in turn fixes the direction of completely. The re- 
maining freedom in choosing its length is fixed by the normalisation constraint M and we find 
= n\E), i.e. the are no physical degrees of freedom. The same has to be assured for 
the momenta P^, i.e. we should add additional constraints = 0. However, these extra con- 
ditions can be interpreted as (partial) gauge fixing conditions for ()A.25|A.26p . which then can 



^ Since Vaij is a homogeneous function of degree zero in tt" and its derivatives, it is unaffected by the constant 
rescahng tt"" ^ 

^*In D = 3, an additional topological sector exists [ST]. The above results hold in _D = 3 only if this sector is 
excluded by hand. 

^'■*Using the linear simplicity constraints, we automatically exclude the topological sector in D = 3. 
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be removed by applying the procedure of gauge unfixing. We wih take a short-cut and directly 
"guess" the theory such that the constraints ()A.25IA.26P are implemented as first class, and we 
will show that when solving these constraints, the momenta Pj are automatically removed from 
the theory. 

The theory we want to construct is very similar to the {^^^Aaij, ('^^vr''^^} - theory of section 
IA.2.21 It is defined by the Poisson brackets (|A.20p and 

{N\Pj}=6'j, {N^N^} = {Pj,Pj} = 0, (A.27) 

and, apart from the linear simplicity and normalisation constraints ()A.25|A.26p . is subject to 

G^J = h^)Dj''K'''' + P^'N''\ (A.28) 

-Ha = A,, - ((^)vr^^^('^)^.,.) + PidaN^, (A.29) 

__f_ ^m^la\IJ{P)^b]KL (^W^ _ r^^^^ _ J _ (A.30) 



n 



Note that the Hamilton constraint is the sama^ as in equation ()A.24p . whereas the Gaufi 
and vector constraint differ and are chosen such that they obviously generate SO (77) gauge 
transformations and spatial diffeomorphisms respectively on all phase space variables. In the 
following, we prove its equivalence to the ADM formulation. First of all, we will show that the 
Poisson brackets of the ADM variables K""^, q^b in terms of the new variables ^^^Aq/j, Wtt"-^-^ ^ 

, and Pj are still reproduced on the extended phase space up to constraints. This is non- 
trivial, even if the expressions for K'^^^f^K, ^f^^A), gafe(^^^vr) are given by ()A.22p as in the previous 
section, since we changed both the simplicity and the GauB constraint. For the linear simplicity 
and normalisation constraints, the solution for the same as in the case of the quadratic 

simplicity (neglecting the topological sector), ^I^^tt'^^-^ = ^n^^E'"!'^!, and terms which vanished due 
to the quadratic simplicity constraint still vanish in the case at hand. For the Gaufi constraint, 
note that the only terms appearing in the calculation are of the form {^^'^ A — T)"^"" jj^^'^ tt^^^ , 
which already vanish on the surface defined by the vanishing of the rotational parts of the Gaufi 
constraint (cf. section rA.2.ip . Now, if the linear simplicity and normalisation constraints hold, 
we know that = n^{E), i.e. the modification of the Gaufi constraint P^-^N"^^ ~ pl^n"^! on-shell 
just changes the boost part of the Gaufi constraint. Thus, the ADM brackets are reproduced on 
the surface defined by the vanishing of G^"^ , S":-^ and Af. 

Next, we will show that the algebra is of first class. Note that since G^"^ and T-La gen- 
erate gauge transformations and spatial diffeomorphisms by inspection, their algebra with all 
other constraints obviously closes. The algebra of the linear simplicity and the normalisation 
constraint is trivial. Moreover, the Hamilton constraint Poisson-commutes trivially with the 
normalisation constraint and, since it depends only on the combination ^^^n'^^'^^^'^ A^ij, we find 
|^[A^], S'"-^[s^^^]| = S'^jj[...]. We are left with the Poisson-bracket between two Hamilton 
constraints. Since on-shell the ADM brackets are reproduced, the result is 

{n[M],n[N]} « Kb"' (MNb - NM^h)], (A.31) 

where T-L'^ = —2qac^bP^'^ now denotes the ADM diffeomorphism constraint. As we will see in 
the next section [A. 41 the vector constraint (IA.29P correctly reduces to the ADM diffeomorphism 



^°In particular, we want to point out that it is not the Hamilton constraint for gravity coupled to standard 



scalar fields 0, which would obtain additional terms ~ ^^^^ ^ + ^/detqq'^ 4>.a4',b for the scalar field and its 
conjugate momentum p which are missing here. In fact, these terms would spoil the constraint algebra, since 
{T-L, S'^jj} and {T-ijN} would not vanish weakly. 



33 



constraint if the Gaufi and simplicity constraint hold, 1-La ~ Therefore, the algebra closes. 
What is left to show is that also the Hamilton constraint % on-shell reproduces the ADM 
constraint, which will be made explicit when solving the constraints in the next section IA.4I 
Note that because of the modified Gaufi and simplicity constraint, again this is non-trivial even 
if U is identical with ^2^. 

The counting of the number of physical degrees of freedom goes as follows: The full phase 
space consists of |{A,7r,Af,P}| = 2^-^^^ + 2{D + I) de grees of freedom which are subject to 
{7^a,^,G'",5^-^,AA} = {D + l) + M^±l) + dHd^^) ^ I g^st class constraints. It is most 

convenient to compare this to Peldan's [87] extended ADM formulation given at the end of 
section [A. 2. 11 with i^'}] = 2D{D + 1) phase space degrees of freedom and the first class 
constraints | {"Ha, 7^, G'^'^} | = {D + 1) + ^^^^^"f _ any dimension, the difference in phase 
space degrees of freedom is exactly removed by the simplicity and normalisation constraint, 
|{Avr,iV,P}| - \{E,K}\ =2\{s-^,m}\. 

We remark that related formulations of General Relativity, where a time normal appears as an 
independent dynamical field, have already appeared in the literature [88 1 189^ [90] . The difference 
between these and our formulation is that while our formulation features both the simplicity 
constraint and the time normal at the same time, the time normal appears in the process of 
solving the simplicity constraint without solving the boost part of the Gaufi constraint in the 
other approaches. In other words, the time normal is an integral part of the simplicity constraint 
in our approach, not a concept emerging after its solution. 



A. 4 Classical Solution of the Linear Simplicity Constraints 



Solving the linear simplicity and normalisation constraints can be done similarly as in section 
IA.2.11 As already pointed out in section IA.31 solving these constraints leads to 



/3 



n 



and = n\E). 



We make the Ansatz Aaij = Taij + PKaij with Taij defined as in (jA.lSp . 
symplectic potential reduces to [87] 



(A.32) 
Then, the 



aj 



KajE 
KaJ 



- KaljE^-^h^ + Plh^ 

njEai (RhK^E'''' + 



E' 



aJ 



(A.33) 



where we have dropped total time derivatives and divergences. Note that, compared to (1A.11|) . 
the result is the same up to the additional term appearing in the definition of K'^j. For the 
constraints, we find equal expressions as in ()A.121 IA.131 IA.14|) with K'^j replaced by K'^j and 
again arrive at Peldan's extended ADM formulation without time gauge [8^, which leads to the 
ADM formulation after solving the SO(r/) Gaufi constraint. 



A. 5 Linear Simplicity Constraints for Theories with Dirac Fermions 

In order to incorporate fermions into the framework, tetrads and their higher dimensional ana- 
logues (vielbeins) have to be used at the Lagrangian level to construct a representation of the 
spacetime Clifford algebra. Therefore, the extension of the ADM phase space introduced above 
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is not applicable here. In [25] it is shown that the symplectic reduction of the extension of 
the phase space {Kai,E^^) with 80(1?) Gaufi constraint to (^a/J, tt''^^) with SO(r/) Gaufi and 
(quadratic) simplicity constraint gives back the unextended theory. We may now apply this fact 
to theories with fermions. The explicit construction is 

E'^i = Cfj'j7r''''-^nK, Kai = (v/iA - r)aKjn'', (A.34) 

where r^/j, ry/j and are understood as functions of tt"'^'^ (cf. [25] for more details). 

The extension of {Kai, E^^) with SO{D) Gaufi constraint to {Aaij, tt''^^ , , Pj) with SO(r/) 
Gaufi, linear simplicity and normalisation constraint works exactly the same way. We can even 
choose to simplify the replacement of the vielbein and extrinsic curvature using the normal A^-'^, 

= Cfj'j7T^'''NK, Kai = Cvi'iA - r)aKjN'', (A.35) 

where ry/j now is understood as a function of A^''^. The calculations are completely analogous to 
those in [25] and therefore will not be detailed here. 

A. 6 Kinematical Hilbert Space for A^^ 

We restrict to the case C = 1 in the following, because the kinematical Hilbert space for canon- 
ical Loop Quantum Gravity has been defined rigorously only for compact gauge groups like 
SO{D + 1). For scalar fields like the Higgs field, two different constructions to obtain a kine- 
matical Hilbert space have been given. In the first one [28], a crucial role is played by point 
holonomies Ux{^) '■= exp ($^'^(x)t/j) . The field which is assumed to transform according 
to the adjoint representation of G, is contracted with the basis elements tjj of the Lie algebra 
of G and then exponentiated. Point holonomies are better suited for background independent 
quantisation than the field variables ^^"^ themselves, since the latter are real valued rather than 
valued in a compact set. Therefore, a Gaufiian measure would be a natural choice for the inner 
product for <I>^"', but this is in conflict with diffeomorphism invariance [28]. In the case at hand, 
this framework is not applicable, since A^^ transforms in the defining representation of S0(D + 1) 
and therefore, there is no (or, at least no obvious) way to construct point holonomies from A^^ 
in such a way that the exponentiated objects transform "nicely" under gauge transformations. 
The second avenue |66j for background independent quantisation of scalar fields leads to a dif- 
feomorphism invariant Fock representation and can be applied in principle. However, in the 
case at hand there is a more natural route. On the constraint surface Af = Nj — 1 = 0, A^^ 
is valued in the compact set S^. In this case the measure problems can be circumvented by 
solving M classically. The obvious choice of Hilbert space is then of course the space of square 
integrable functions on the £)-sphere. 

To solve A^, we choose a second class partner J\f := N^Pj, 

{n'{x)Ni{x) - 1, N^{y)Pj{y)} = {x)Ni{x)6'' {x - y) « 5^(x - y), (A.36) 

where terms oc M have been dropped. M weakly Poisson commutes with the constraints: it is 
Gaufi invariant and transforms diffeomorphism covariant, it trivially Poisson commutes with Ti 
(which neither depends on A^^ nor on Pj), and a short calculations yields 

{s'^T^is'^im} = S'^jjins'a^]. (A.37) 

Therefore, the algebra of the remaining constraints is unchanged when we solve M, N using the 
Dirac bracket. Let f//j = -qu — A'/A^j/||A^|p whence fjuN"^ = also when ||A^|| / L Then 
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Pj = fjjjP'^ Poisson commutes with the normahsation constraint and thus is an observable just 
as . Since the Dirac matrix is diagonal, the Dirac brackets of Pi,N^ coincide with their 
Poisson brackets. We find 

{N\x),Nj[y)]^j^ = 0, 
{N'{x),Pj{y)}^^ = fj'j{x)6''{x-y), 

{P'ix),P\y)}^^ = 2P^\x)NJ\x)6''ix-y), (A.38) 

while the remaining brackets are unaffected. We see that unfortunately the Poisson alge- 
bra of the and Pj does not close, it automatically generates also the rotation generator 
L/j = 2A^[/Pj] = 2N^jPjy We therefore have to include it into our algebra. On the other hand 
obviously {Lij,J\f} = so that Ljj is also an observable and moreover the Ljj generate the 
Lie algebra so(i^ + 1) while {Ljj, Nk} = —2N^j5jji( so that the algebra of the Nj, Ljj already 
closes. Finally we have the identity LjjN"^ = —WNW^Pj so that the N^,Ljj already determine 
P[. We conclude that nothing is gained by considering the Pj and that it is better to consider 
the overcomplete set of observables N^,Lij instead. 

Consider, similar as in LQG, cylindrical functions F[N] of the form F[N] = -Fpi...,p„(-/V(pi), •., N{pn)) 
where Fp-^ . is a polynomial with complex coefficients of the {pk ), k = 1, ..,n; I = 0, .., D+1. 
We define the operator Ni{x) to be multiplication by Nj{x) on this space. Let also A'^'^ be a 
smooth antisymmetric matrix valued function of compact support and define the operator 

L[A] -.= 2 j d^x K^\x) N[i{x) Pj]{x), (A.39) 

where Pj{x) = i6/6Nj{x). Notice that no factor ordering problems arise. The operator L[A] 
has a well defined action on cylindrical functions, specifically 

n 

L[A] F[N] = 2iY, A'\pk)N^i{pk)d/dNj^ (p,,) F[N] (A.40) 
fc=i 

and annihilates constant functions. 

Let du{N) := CDd^+'^N6{\\N\\'^ - 1) the SO{D + 1) invariant measure on where the 
constant cd makes it a probability measure. For a function cylindrical over the finite point set 
{pi, -.jPn} we define the following positive linear functional 

fi[F] := J dv{Ni) .. dv{Nn) Fp,„p„{Ni,..,Nn). (A.41) 

Just as in LQG it is straightforward to show that the measure is consistently defined and thus 
has a unique cr— additive extension to the projective limit of the finite Cartesian products of 
copies of which in this case is just the infinite Cartesian product J7 := Yix °f copies of 
|91j . one for each spatial point. This space can be considered as a space of distributional 
normals because a generic point in it is a collection of vectors {N{x))x without any continuity 
properties. The operator Ni{x) is bounded and trivially self-adjoint because Nj{x) is real valued 
and is compact. To see that L[A] is self adjoint we let gA{p) = exp(A^"^ (p)r/j) where t/j 
are the generators of so{D + 1). We define the operator 

(?7(A)f) [N] := Fp,„p^ {9A{pi)N{pi), .., gA{Pn)N{pn)) , (A.42) 



36 



which can be verified to be unitary and strongly continuous in A. It maybe verified exphcitly 
that 

L[A] = i At=oUm, (A.43) 
I at 

whence L[A] is self-adjoint by Stone's theorem [92]. Finally it is straightforward to check that 
besides the *-relations also the commutator relations hold, i.e. they reproduce i times the clas- 
sical Poisson bracket. 



We conclude that we have found a suitable background independent representation of the nor- 
mal field sector. 

At each point p S E, an orthonormal basis in the Hilbert space Hp = L2{S^ ,du) is given 

by the generalisations of spherical harmonics to higher dimensions 'Ef (N) , which are shortly in- 
troduced in the appendix of our companion paper |76j (see [93] for a comprehensive treatment). 
An orthonormal basis for T-Ljy is given by spherical harmonic vertex functions F^-,^{N) := 

J|^g^H^"(A^). Any cylindrical function can be written as a mean-convergent series of the 
form 

F^(iV) = J^a -..F .(iV) (A.44) 

^— ' v,l,K v,l,K 

for complex coefficients a ^ =: . The sum here runs for each v £ v over all values I G Nq and 

v,l,K 

for each / over all K compatible with I. Following the construction in [28] we obtain the 
combined Hilbert space for the scalar field and the connection simply by the tensor product, 

T-Lt = 'Hgra.v^T'l-N = L2{A^'^^^~^^\ dji"^^^^^^ )® L2{N' , (i/iAf). An orthonormal basis in this space 
is given by a slight generalisation of the usual gauge- variant spin network states (cf., e.g., [28]). 
where each vertex is labelled by an additional simple 80(1)+ 1) irreducible representation coming 
from the normal field. This of course leads to an obvious modification of the definition of the 
intertwiners which also have to contract the indices coming from this additional representation. 
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